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INTRODUCTION:     

                  The biquadratic Diophantine (homogeneous or non-homogeneous) equations offer an 

unlimited field for research due to their variety [1-3].In particular, one may refer [4-15] for 

ternary non-homogeneous bi-quadratic equations. This communication concerns with yet another 

interesting ternary non-homogeneous biquadratic equation given by 422
365)(3 ZXYYX   

for determining its infinitely many non-zero integral points. Also, a few interesting relations 

among the solutions are presented. 

 

NOTATIONS: 

 
nmT ,    : Polygonal number of rank n with size m. 

 
nCP ,30 : Centered Triacontagonal Pyramidal number of rank 30. 

 
nCP ,28 : Centered Icosioctagonal Pyramidal number of rank 28. 

 
nCP ,24 : Centered Icositeragonal Pyramidal number of rank 24. 

 nCP ,20

:Centered Icosogonal Pyramidal number of rank 20. 

 
nCP ,18 :Centered Octadecagonal Pyramidal number of rank 18. 

 
nCP ,10 :Centered Decagonal Pyramidal number of rank 10. 

 
nCP ,6 :Centered Hexagonal Pyramidal number of rank 6. 

 
3,,4 nF : Four dimensional figurate number of rank 3. 

 
4,,4 nF : Four dimensional figurate number of rank 4.                                           

METHOD OF ANALYSIS: 

The ternary biquadratic equation to be solved for its non-zero integer solution is, 

                       

              
422 365)(3 ZXYYX                                                                                    (1) 

 

Let   0,,  vuvuyvux                                                                                      (2) 

 

Substituting  (4) in (1) and simplifying, we get 

  
422 3611 zvu                                                                                                                 (3) 
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We present below different methods of solving (3) and thus obtained different patterns of 

solution to (1). 

PATTERN: 1 

              Assume,  
22 11),( babaz                                                                                             (4) 

Write 36 as                                                                                          

 115)(115(36 ii                                                                                                                 (5)  

Substituting (4) and (5) in (3) and employing the method of factorization, define  

       
4)11)(115()11( biaiviu      

Equating real and imaginary parts, weget 

332244 484443306055 abbababau     

332244 2202066121 abbababav                                                                                 (6)   

Using (6) in  (2) wehave, 













332244

332244

704642644844

264243967266

abbababay

abbababax

                                                                       (7)  

Thus (7) and (4) represent the non-zero distinct integral solutions of (1). 

PROPERTIES: 

  2mod1306)1,(144 ,926,6,303,,4  aaaa TCPCPaxF  

  4mod1606)1,(96 ,618,6,283,,4  aaaa TCPCPayF  

  3mod240626)1,(17424 ,16766,6,303,,4  babb TCPCPbxF  

  2mod1)1,(246)1,( ,2984,,4,30  aaa TaxFCPay  

PATTERN: 2 

          Equation (3) can be written as, 
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                  )(1125 2442 vzzu                                                                                            (8) 

Equation (8) is rewritten in the form of ratio as, 

          0,
5

)(115
2

2

2

2










B

B

A

zu

vz

vz

zu
    

Which is equivalent to the following two equations, 













0)115(11

0)5(

2

2

BAzBvAu

ABzAvBu

                                                                                                (9) 

Employing the method of cross multiplication to solve the system of (9), weget                      

        












ABBAv

ABBAu

1011

22555

22

22

                                                                                                   (10)  

         
222 11BAz                                                                                                                    (11) 

Taking     
22 11qpA  , pqB 2  in (10) and (9) weget, 













332244

332244

2202066121

484443306055

pqqpqpqpv

pqqpqpqpu

                                                                    (12) 

22 11qpz                                                                                                                            (13)   

Using the values of u and v from (12) in (2) we’ve,   













332244

332244

704642644844

264243967266

pqqpqpqpy

pqqpqpqpx

                                                                  (14)  

Thus (13) and (14) represent the non-zero integral solutions of  (1). 

PROPERTIES: 

  4mod36)1,(696 ,618,30,303,,4  pppp TCPpyCPF  
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  6mod512)2,(144 ,3302,63,,4  ppp TCPpxF  

  2mod1)1,()1,(2466 ,2984,,4,20,3  pppp TpxpyFCPCP  

  8mod44282),2(611616 ,12762,6,303,,4  qqqq TCPqyCPF  

PATTERN: 3 

         Equation (8) is also written in the form of ratio as, 

              
0,

5)(11

5
2

2

2

2










B

B

A

zu

vz

vz

zu
    

Which is equivalent to the following two equations, 













0)5(

0)115(11

2

2

BAzBvAu

ABzAvBu

                                                                                                (15) 

Employing the method of cross multiplication to solve the system of (15), weget                      

        












ABBAv

ABBAu

1011

22555

22

22

                                                                                                   (16) 

        
222 11 BAz                                                                                                                    (17) 

Taking     pqA 2 , 
2211 qpB   in (17) and (16) weget, 













332244

332244

2022066121

444843305605

pqqpqpqpv

pqqpqpqpu

                                                                    (18) 

2211 qpz                                                                                                                              (19) 

Using the values of u and v from (18) in (2) we’ve,   













332244

332244

647042644484

242643966726

pqqpqpqpy

pqqpqpqpx

                                                                  (20)  
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Thus (19) and (20) represent the non-zero integral solutions of (1). 

PROPERTIES: 

  3mod2),1(1446 ,7943,,4,24  qqq TqxFCP  

  2mod1366),1(96 ,530,10,24,33,,4  qqqqoq TCPCPCPqyF  

  5mod3586),1(),1(240 ,1322,6,303,,4  qqqq TCPCPqyqxF  

  6mod566),2(144 ,3170,18,303,,4  qqqq TCPCPqxF  

 

CONCLUSION: 

      To conclude, one may search for other patterns of solutions and their corresponding 

properties. 
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